In [1], a generalized type of Darboux transformations defined in terms of a twisted derivation was constructed in a unified form. Such twisted derivations include regular derivations, difference operators, superderivatives and q-difference operators as special cases. The formulae for the iteration of Darboux transformations are expressed in terms of quasideterminants. This approach not only enables one to recover the known Darboux transformations and quasideterminant solutions to the noncommutative KP equation, the non-Abelian two-dimensional Toda lattice equation, the nonAbelian Hirota-Miwa equation and the super KdV equation, but also inspires us to investigate quasideterminant solutions to q-difference soliton equations. In this paper, we first derive the bilinear Bäcklund transformations for the known bilinear q-difference two-dimensional Toda lattice equation (q-2DTL), then derive a Lax pair whose compatibility gives a new nonlinear q-2DTL equation and finally obtain its quasideterminant solutions by iteration of its Darboux transformations.
Introduction
Recently, there has been great interest in noncommutative (nc) versions of soliton equations and their integrability. Examples include the KP equation, the modified KP equation, the KdV equation, the Hirota-Miwa equation and the two-dimensional Toda lattice equation [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Throughout the paper, we do not assume that in general, the dependent variables commute. Results obtained under this assumption are applicable to most of the nc integrable systems. It has been shown that nc integrable systems often have solutions expressed in terms of quasideterminants [17] . For instance, in [13] , two families of solutions of the nc KP equation were presented which were termed quasiwronskians and quasigrammians. The origin of these solutions was explained by Darboux and binary Darboux transformations. The quasideterminant solutions were then verified directly using formulae for derivatives of quasideterminants (see also [10] ).
Supersymmetric equations can be looked on as a special type of nc integrable systems due to the presence of odd variables. In [1] , we proposed a twisted derivation following the terminology used in [18] [19] [20] . This twisted derivation includes regular derivations, difference operators, superderivatives and q-difference operators as some of its special cases. We showed that one can formulate Darboux transformations for such twisted derivations and the iteration formulae are expressed in terms of quasideterminants in which one simply replaces the derivative with the twisted derivation. As an example, we obtained solutions to the super KdV equation expressed in terms of quasideterminants in a unified way
Quasideterminants
In this short section we will list some of the key elementary properties of quasideterminants used in the paper. The reader is referred to the original papers [17, 31, 32] for a more detailed and general treatment.
An n × n matrix M = (m i,j ) over a ring R (noncommutative, in general) has n 2 quasideterminants written as |M | i,j for i, j = 1, . . . , n, which are also elements of R. They are defined recursively by
In the above r j i represents the ith row of M with the jth element removed, c i j the jth column with the ith element removed and M i,j the submatrix obtained by removing the ith row and the jth column from M . Quasideterminants can be also denoted as shown below by boxing the entry about which the expansion is made
Note that if the entries in M commute then
Noncommutative Jacobi Identity There is a quasideterminant version of Jacobi identity for determinants, called the noncommutative Sylvester's Theorem by Gelfand and Retakh [17] . The simplest version of this identity is given by
where f, g, h, i ∈ R, A is an n × n matrix and B, C (resp. D, E) are column (resp. row) n-vectors over R. As a direct result, we have the homological relation
Quasi-Plücker coordinates Given an (n + k) × n matrix A, denote the ith row of A by A i , the submatrix of A having rows with indices in a subset I of {1, 2, . . . , n + k} by A I and A {1,...,n+k}\{i} by A ı . Given i, j ∈ {1, 2, . . . , n + k} and I such that #I = n − 1 and j / ∈ I, one defines the (right) quasi-Plücker coordinates
for any column index s ∈ {1, . . . , n}. The final equality in (5) comes from an identity of the form (3) and proves that the definition is independent of the choice of s.
A type of twisted derivations and Darboux transformations
In [1] , we proposed a type of twisted derivations and constructed Darboux transformations in terms of it in a unified way. Such twisted derivations include regular derivatives, difference operators, superderivatives and q-difference operators as special cases. Surprisingly, the formulae for the iteration of Darboux transformations were expressed in terms of quasideterminants. So far, we have succeeded in deriving quasideterminant solutions to some nc soliton equations involving regular derivatives, difference operators and superderivatives. These results inspire us to consider quasideterminant solutions to q-difference soliton equations. Here let us first give a brief review on some known results.
A type of twisted derivations
Consider a general setting in which A is an associative, unital algebra over ring K, not necessarily graded. Suppose that there is a homomorphism σ :
Simple examples arise in the case that elements a ∈ A depend on a variable x, say.
and σ is the identity mapping.
Forward difference The homomorphism is the shift operator T , where T (a(x)) = a(x + h) and the twisted derivation is
Superderivative For a, b ∈ A, a superalgebra, the superderivative
, where is the grade involution.
Jackson derivative The homomorphism is a q-shift operator defined by S q (a(x)) = a(qx) and the twisted derivation is
In what follows several simple properties of twisted derivations which will be used in detailed calculations later on, are listed .
3. Take a, b, c ∈ A such that ab −1 c is well-defined. Then
Darboux transformations for twisted derivations
. . in A, generated from the first sequence by Darboux transformations of the form
where D and σ are the twisted derivation and homomorphism defined above. To be specific,
and
and so on. In general, for k ∈ N,
and we require that each θ[k] is invertible.
In the standard case, D = ∂ and σ = Id, it is well known that the terms in the sequence of Darboux transformations have closed form expressions in terms of the original sequence. In the case that A is commutative, they are expressed as ratios of wronskian determinants [33] ,
where θ
In the case that A is not commutative, the terms in the sequence are expressed as quasideterminants [33] ,
The following theorem gives a generalisation of this formula to the case of general D and σ. Note in particular that the expressions do not depend on σ and are obtained simply by replacing ∂ with D. 
It has the Lax pair
Let θ be a particular eigenfunction of the Lax pair. From Theorem 1, the normal derivative ∂ x induces the Darboux transformation of the general eigenfunction φ by
and further the Darboux transformation of the potential v by
which coincide with the results obtained in [13] .
Example 2: The non-Abelian 2DTL equation (Ref. [15] ) The non-Abelian 2DTL equation is written as
Assume θ n is a particular eigenfunction of the Lax pair. From Theorem 1, it is not difficult to derive the Darboux transformation of the general eigenfunction φ n
, which is almost the same as the result obtained in [15] 
Based on this transformation, one can derive the corresponding transformations of U n and V n similar to these given by [15] . The non-Abelian Hirota-Miwa equation is
with i, j, k ∈ {1, 2, 3}, U ij etc. depending on discrete variables n 1 , n 2 , n 3 and T i the shift operator in variable n i defined by T i (X) = X(n i + 1). The non-Abelian Hirota-Miwa equation has the Lax pair
It is not difficult to show that the forward difference operator ∆ i = a
and furthermore the Darboux transformation of the potentials
which are nothing but the Darboux transformations presented in [12] . 
where D = ∂ θ + θ∂ x with θ an odd Grassmann variable, u and α are even and odd dependent variables respectively. It has the Lax pair
Given an even particular eigenfunction θ 0 of the Lax pair. From Theorem 1, we have the Darboux transformation of eigenfunction φ
and furthermore the Darboux transformations of potentials
which are exactly the same as the Darboux transformation given in [1] . 4 The noncommutative q-2DTL equation
As we know that the twisted derivation includes normal derivative, forward difference operator, super derivative and q-difference operator as its special cases. In the previous section, we have already illustrated how to recover Darboux transformations for normal derivative, forward difference operator and super derivative from the Darboux transformation for the twisted derivation by taking some nc integrable systems as examples. All these results inspire us to study nc q-difference soliton equations, their Darboux transformations and quasideterminant solutions.
In [30] , a q-discrete version of the two-dimensional Toda lattice equation was proposed
where δ q α ,x and δ q β ,y are q-difference operators defined by
Under the dependent variable transformations
the q-2DTL equations (12) and (13) were transformed to the bilinear form
whose solutions were given by
n (x, y) f
where f (k) n , k = 1, · · · , N, satisfy the dispersion relations
In the following, we will first present a bilinear Bäcklund transformation for (15) and then derive a Lax pair whose compatibility condition yields a much simpler q-2DTL equation.
Bilinear Bäcklund transformations for (15)
Based on the solutions given by (16) and determinant identities, we propose the following bilinear Bäcklund transformation
which transforms the solution τ n (x, y) given by (16) to another solution τ
In what follows, we will prove how the bilinear Bäcklund transformation works for given τ n (x, y) and τ ′ n (x, y). For the sake of simplicity, we adopt the notations used in [30] . We denote
where "j" is a column vector given by
Similarly, we can denote τ n (x, y) = |0, 1, . . . , N − 1, t|,
where t = (0, 0, . . . , 0, 1) T is an (N + 1) × 1 matrix. By virtue of the dispersion relations (17), we have
It is not difficult to prove that the Laplacian expansion of the determinant identity
leads to the following equation
which is nothing but (18) with y replaced by q β y. Similarly, the following determinant identity
leads to
which is nothing but (19) by replacing x with q α x.
A new nonlinear q-2DTL equation and its Lax pair
By introducing the eigenfunction φ n+1 (x, y) = τ n (x, y)/τ ′ n (x, y), we can derive the following Lax pair from the bilinear Bäcklund transformation (18) and (19) 
where
The compatibility condition of the Lax pair (34) and (35) gives the following nonlinear q-2DTL equation
Hereafter, we denote the q-difference operators D 1 = δ q α ,x , D 2 = δ q β ,y . σ 1 and σ 2 are homomorphism satisfying σ 1 (f (x, y)) = f (q α x, y) and σ 2 (g(x, y)) = g(x, q β y) respectively. With the new notations, (38) and (39) can be rewritten as
It is not difficult to check that both D 1 and D 2 are twisted derivations with respect to σ 1 and σ 2 individually. Noticing the properties of twisted derivations given by Lemma 1 and introducing new variables X n where
n , (40) and (41) can be reduced to one single equation
From now on, we refer to (42) as the nc q-2DTL equation. In what follows, we will concentrate on looking for its quasideterminant solutions constructed by Darboux transformations.
Remark 1. In commutative case, one can easily recover the bilinear q-2DTL equation (15) from the nc q-2DTL equation (42) by letting X n = τ n /τ n−1 .
Quasicasoratian solutions for (42)
In this section, we will first derive the Darboux transformations for the q-2DTL equation and then construct its quasideterminant solutions by Darboux transformations.
Darboux transformations
As was pointed out in Section 3, a q-difference operator is a kind of twisted derivations. Therefore, from the general Darboux transformations defined in terms of twisted derivations, we can get the following Darboux transformation for the nc q-2DTL equation (42).
where θ n is a particular solution of the Lax pair (34) and (35).
Quasicasoratian solutions
Let θ n,i , i = 1, . . . , N be a particular set of eigenfunctions of the Lax pair (34) and (35) and introduce the nontation Θ n = (θ n,1 , . . . , θ n,N ). The Darboux transformations for the nc q-2DTL equation may be iterated by defining
In what follows, we will show by induction that the results of N -repeated Darboux transformations φ n [N + 1] and X n [N + 1] can be expressed as in closed form as quasideterminants
The initial case N = 1 is obviously true. Also using the noncommutative Jacobi identity (3) and the homological relation (4) we have This proves the inductive step. So far, we have finished proving quasideterminant solutions given by (52) and (53) to the nc q-discrete two-dimensional Toda lattice equation (42).
Remark 2. In the commutative case, it is clear that (42) has the vacuum solution X n = −1 and therefore we have X n [N ] = τ n /τ n−1 from (53) with τ n given by (16).
Conclusions
In our previous work [1] , we proposed a twisted derivation which includes normal derivative, forward difference operators, q-difference operators and superderivatives as special cases and constructed its Darboux transformation which has an iteration formula written in terms of a quasideterminant. This result opens the opportunity for an unified approach to Darboux transformations for differential, superderivative, forward difference and q-difference operators which makes it possible to construct quasideterminant solutions to noncommutative integrable systems. In this paper we show how this has been achieved for a noncommutative q-2DTL equation which involves q-difference operators besides the nc KP equation, the non-Abelian two-dimensional Toda lattice equation, the non-Abelian Hirota-Miwa equation and the super KdV equation which involve normal derivative, forward difference operators and superderivatives.
To sum up, in this paper, we first derive a bilinear Bäcklund transformation and Lax pair for a nc q-2DTL equation and then construct quasicasoratian solutions to the nc q-2DTL equation by its Darboux transformation. But how to construct its binary Darboux transformation and quasigrammian solutions remain unsolved. In some sense, these results extend the applications of quasideterminants in nc integrable systems and extended integrable systems and reveal the advantage of using quasideterminants in dealing with nc integrable systems, q-difference soliton equations and supersymmetric equations.
